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Abstract

We show that for the two-dimensional multiplicative Brun’s algorithm,

the exponent of convergence is 1 + 4, i.e. there is a ¢ > 0 such that for
2k DR

almost all x = (x1, ), [x; — ~ < W (7 = 1,2).Thus the sec-

ond Lyapunov exponent is negative.

*

In 1993, J. C. Lagarias has shown how to use multiplicative ergodic
theorems to determine the approximation exponent 144 for multi-
dimensional continued fractions. Ito, Keane & Ohtsuki 1993 proved
that for the two-dimensional modified Jacobi-Perron algorithm
d > 0 (see also Fujita, Ito, Keane & Ohtsuki 1996). In Schweiger 1996,
a classical result of Paley & Ursell 1930 was used to determine the expo-
nent of convergence of the Jacobi-Perron algorithm in two dimensions.
Meester 1997 gave another proof for the result on Podsypanin’s modifica-
tion.

In this paper, we will show that a similar method can be applied to
Brun algorithm in two dimensions. Clearly, this is no surprise since
Brun’s multiplicative algorithm is a factor of the modified algorithm.
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We will start with a description of the algorithm; for general references
on Brun’s algorithm see e.g. Schweiger 1995.

Definition. Let B = {(x1,x2) 1> x1 > 52 > 0}; Bruns Algorithm is
generatedbyamap S B( j, N) — B, where

X1 X1 X1 X1
S,
(xl XZ) X2 1 X2
—=,—-N) if——N<— [;j=2]
X1 X1 X1 X1
1
N[ 2
X1
Let N := N5 (x{", x§)) and j(¢) :=j (57 (1", x5);
filr+1 1, th (#+1) 1 N+ (r+1)_ng)_
if j(#+1) =1, then x; _x(’)_ ) X5 _x(’)’
1 1

) .
fw+n=zmmﬁm=f%wym:m_ng
Xl Xl

The matrices of Brun’s Algorithm are given as follows:

Definition. Lett > 1;
N 2—j(s) j(#)—1
A(f) —
B - 1 0 0 )
0 j-1 2—40)
then
q(1) q(o) q(—l)

1 _
- (3 37 40 -
Py P2t Do

and, fort > 2,
q(f) q(l’) q(f”)

0p =[50 0 50 ) =erag o)
i t”
le Pgt) 2
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Hence, fori = 1, 2, we get

( (1) (f’) OINGY
X,('O) _pi x;f)]’/ X2 pi 2)

g + 50500 4 5 g

Define #* as the largest integer such that #* < #, and j(# ) = 2 (if there is

no such #* < ¢, then #* := —1); consequently, (t +1)" is defined as the
largest integer such that (r+1)" <t+1,and j((# + )" ) = 2.Then if
j(#) =1, (¢ 4+ 1)" in Definition (1)equalsz‘ and (r+1)" = =(+1)%
in the other case, we have (# +1) =%, and (# +1)" =t = (r + 1)*
Hence
if j(z) =1 q(’+2) = N(’H)q(’ﬂ) + q('),and (3)
ifj(t) ¥ q(/+2) — N(r+1)q(r+1) + g(,*) (4)

Of course, (3) and (4) remain valid if we replace q( ) by p,(» ) fori = 1,2.
Since the following results hold for both pg ) and pg ) , from now on

we will only write p{ ) instead. We continue with a modification of the
arguments of Paley & Ursell 1930.

Definition.

!

P = ) P/+1 =

(+1) () ‘ g+ g
p("H) P(’) P("H) p(/*)
By Egs. (3) and (4) we get the following relations:

iff(’) =1: Prya = —Pp, P;+2 = N(H_])PI—H - P7+1v Pl+2 - P/+1’
(5)
ifj(t) =2: Pyo= _P:+1a P;+2 = N(H-l)Pr+1 P;,+1a t+2 = Py1.
(6)
Definition.
_ |P:| P}l
pr = max{;(f—), 40 (7)
Lemma.
|Pr+1| < q(’)Pr (8)

Pz"o)of: We use (5), (6) and Definition (7): |P 41| < max{|P,|, |P!|} <
7" p;.
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Lemma.

|P;I+1| < q(r)Pf (9)

I;rooj?,)Similar to the previous lemma: [PV, | < max{|P,|,|P|}
> qV Py

Definition.

By := BN ((x1,x2) : j(x1,x2) = 2)

2
M:=()57B,
i=0
Let #:=min{r >0 57 '(x1,x2) € M}, #,41:=min{z >z,
S (e, x3) € M}; we thus have j(¢,)=2,/(¢t,+1)=2 and
J(#, +2) = 2. Hence, in choosing (x1,x;) € M, we avoid #* being
too far away from #, which will simplify the following estimates.

Lemma.
w(M) >0

Proof: We consider the subset M* C M, where for (x1,x2) € M*,
N(x1,x2) =1, N(S(>1,x2)) =1 and N(8§%(x1,x2)) =1; cleatdy,
w(M) > pu(M*). Since all the cylinders B( j, N) are propet, i.e.
S(B(j,N)) =B (see e.g Schweiger 1998), we can apply the local
inverse

1 j1
Vi j=n=1)(11,02) = (1 11 JU}Z)

to the points (0,0), (1,0) and (1.1). We get a triangle whose vertices are given
11 21
by the points 173(0,0) = <5 ,5> ,1V73(1,0) = (g , 5) and 173(1,1) =

3
(Z , E) , which cleatly is of positive measure.

Lemma.

(t”/)
Prora < <1 - h) max {p;,+3, Pr, 42, Pr,+1} (10)
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Progf: We apply Lemma (8) and Eq. (4) in (1), and similarly relation (6), (8)
and (4) in (2)
(1) |Proral < g, 05 < (g = 4U)ps 45

(2) |P:,,,+4| < N(t"'+3)|P/,,,+3| + IP;I,,,+3

< NP, o + (P, 4l

m

S (N (f,,,+3)q(’m+2) + q (’”’+1))maX{,0/,,,+2a pfm+1 }
S (N(’f//+3)N(’w+2)q(r’”+2) + N(,w+3)q(rﬂl) + q(i”l+1) - q(””))
max{p/,+2,Ps,+1}

S (N(,'I/+3)q(,lll+3) + q("/ﬂ+l) _ q(l”l))max{pf”,+2, pf,,,"r]}

< (q(r,,,+4) - q(f”'))max{Pf,,an,Pt,,.+1}

Lemma.

(’m)
Pr+5 < <1 - —q%ff’—)) max{p;,+3,Pr,+2, P1,+1}

Proof: In (1) we use (5), (6) and the previous lemma; (2.1) follows from (5),
the previous lemma, Lemma (9) and Eq. (3)

(1) |P;,+s5] < max{|P;, 14, Iplr,,,+4|} < (q(’"'H) - 9(’”’))

max{pf,,,+3) Pr,+25Pt,+1 }
(2.1) j(t,,, +3)=1:

IP;,,,+5| < N("”+4)|P; wal |P}

m /’II+4
< (N(r’”+4)q(’m+4) - q(f”’))max{p,w+3, Pt,+2, Pr,,,+1}
+4"p;, 1

< (N(r,,,+4)q(t,,,+4) +q(r,,,+3) _ q(r,,,))
maX{Pr,,,+3, Pt,+2,P1,+1 }

< (q(””+5) - q(””))maX{Pz,,,+3,Pr,,,+2,Pr,,,+1}
(2.2)  j(¢,+3) =2 Similar to (2) in the previous lemma
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Since Lemma [10] guarantees that p,, 4 < max{p;,+3,P0s,+2:Pr,+1},
for #,, + 6 we similarly get the following result:

Lemma.

(t)
Pr,+6 < (1 - ;(],—Jra) max{p;,+3, 01,42, Pr,+1}

Now let # > #,, + 6; we have

Lemma.

(#4)
pr < (1 - ;,—H;) max{p,, 43, Pr,+2, Pr,+1}

Proof: We proceed inductively, where the assumptions are given by the
previous lemmas; (1) follows from (5), (6) and Definition (7); in (2.1) we
apply (5), (9) and (3), in (2.2.1) we use (6), (5), Lemma (9), (3) and (4), in
(2.2.2) (6), Definition (7), Lemma (9) and (4)

|P,|
(1) WE

max{|P/1], [P}_y[}
q("])

< pi

()
< (1 - h) max{p;,+3, 01,42, Pr,+1}

1)  jr-2)=1:

Py _ NP |+ P
g = g
- (N(f—l)q(’—l) 4 q("z))max{pf—l,l)/ﬂ}

q(f)
< max{p,_1,p/—2}

q(ll”)
< (1 _W max{p; 13, 0,42, Pr,+1}

22)  j(r—2)=2:
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(22.1) j(r—3) =1
IPi| _ NP, y|+ P
q(’) g(’)
A e
- q(")
- (NU=1g0=3) 4 4= )max{p,_, p/—3}
= q(')
- (N(/~1)N(/72)q(f—2) + N("‘)q("3))max{p,_2,p,_3}
- 70
- NU=D40"Dmax{p, 2,p/-3}
- q(’)

<

< max{p;—2, ps-3}

IA

q(lﬂ/)
(1 - W) maX{Pr,,,H, Pr,+25 Pr,,,+1}
(2.2.2) j(t—=3)=2:
[P1] _ NUDIP, |+ [P

W = q(’)
- NP, | + [P, ]
< o
< (NU=Dg0=1) ¢ q("3))max{p;—1,Pr—3}

70

< max{p,_1, pr—3}
q(’”l)
<[1- m) max{p;,+3, Pr,+2: Pr,+1}
We get the following

Lemma. et T, := max{p,, 13, Pr,+2, Pr,4+1}; then

q("ll)
Tz < (1 —W Tw- (11)

We can now use the quantities p; and 7, to estimate the approximation
quality:
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Lemma.
Q)
Bl <2 (12)
q q

Proogf: Recall (2):

L0 ) ol
T g0 R0 40

Hence
B I U zp,‘” Y

Xi—
g ()+x()q(')+ (f) m g\

g0p + 500 4 g0

- (9)?
gDV +5g0p 0 42 Dg"pl
(9)?
D120p1) — 4 O] 45 D)g0p) — 40MpY]
B (9)?
< 2
q(f)

Theorem. Foralmostall (x1,x;) € Bthereisaconstantd > 0such that

»¥

g

1
< —.
— (q(,))1+(/

Proof: We will first consider the case that (x1,x) € M. By (3), (4) we
know that

Xj—

q(’lfl+6) S 16N (!”I+5)N (/”l+4) N (f/r/+3)N (//l/+2)N (fw+1)N(f”I)q (f/fl)
Hence

(fm) 1
g
= PIOYY =1- 16N (ot N Catd) N at3) N 0t N Ot ) N ()
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Define

1
Sxq,x2) = log<1 - 16N(6)N(5)N(4)N(3)N(Z)N(1)>'

Let (xi,x2) € M; define the return time rp(xq,x2) =
min{k >0 S%(x1,x,) € M}, and the induced transformation

5‘1\4 M — M; 51\/[ = .S‘I.“I(XI’XZ)
We then have
S ey, x2) = S oeq, x2).

Since Brun’s Algorithm is ergodic and conservative (for a proof see e.g.
Schweiger 1998), so is the system (M, Sy, 11); we can apply the ergodic
theorem and get

1 w . j ! f(X1,X2)d/L logK1
1' Sl , — M = < O
w0t + 1 ; S, x2)) (M) (M)
Thus by (11), for 7 large enough,
o< [Ki,i'fu)
Since
l f//l l
im —— ——,
m—00 /J,(M)
7, < Ky
and, for ¢ large enough,
p, < K.

We have (M) > 0, hence (since S is conservative) # is finite a.e., and we
can generalize the result to (x1,x2) € B.

On the other hand, by (3) and (4) we estimate
2

q(f+1) < ZN(/)q(f) < Tq(l‘),
X1

and define

X1
g(x1,x2) 1= log7.
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We have
1< :
lli_)rgO; g(8'(x1,x2)) = —log K5 < 0,
=1
and
q(f) < Kg-
Therefore
1
< IR
0
and by Lemma (12)
(1
V.2 PR
X; q(/) < (q(,))1+d a.e.
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