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Abstract

Nogueira has shown that the 2-dimensional Parry-Daniels map is ergodic. The proof
uses the fact that appropriate sequences of cylinders shrink to points. The purpose of
this note is to give a proof of this property which shows how the appearance of
different types of digits is related to the convergence rate.

Mathematics Subject Classification (2000): 11K55, 28D05.

*

Let ¥ = {x = (x0,x1,x2) 0 <xq,x1,x2 < l,x0+x; +x, =1}. The
2-dimensional Parry-Daniels map T ¥ — % is defined as follows.
Let m be a permutation such x;o < x;; < xp then
Xp0 Xpl —Xp0 Xm2 — X
T(xo,x1,%2) = <LO, - WO, = ﬂ)-

X2 X2 X2

Then (X, T) is a fibred system (Schweiger 1995, 2000) with the time-
1-partition B(m) = {x € ¥ 7 = 7(x)}. The digits are the six permu-
tations €, (01), (02), (12), (021), (012). As usual we put 7; = 7r(TJ*‘x),
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j=1,2, It is well known that T admits an invariant measure with
density

1
X0 (JCo +x 1)
Daniels (1962) asked if T'is ergodic with respect to Lebesgue measure.
Parry (1962) proved that the 1-dimensional Parry—Daniels map is

ergodic. A further step in this direction was given in Schweiger
(1981). Let

I'={xeX¥ m(x)=¢oder (01) forany j=1,2, .}
then A(T") > 0. Therefore T is not conservative. It was reasonable to
conjecture that I" is an absorbing set (i.e. for almost all x € ¥ there is
an n = n(x) such that 7"x € I'). Nogueira (1995) eventually showed

that in fact, I is an absorbing set and T is ergodic. The proof uses the
following result.

Theorem 1. (“Shrinking Lemma”). Let wy(x) € {(012), (021), (02),
(12)} for infinitely many values of s then limdiam B(m;, ,m) =0
S—0C

h(x) =

We first point out that without an additional condition on the digits
m,j=1,2,. the Shrinking Lemma is not generally true. We
consider (a,3,7) € 8,a=-2++5,8= 7_3‘/5,7 = ’“2“/5. Then
(a,B,7) is a fixed point for T. Therefore the segment
Ma, B,7v) + (1 = X)(0,0,1),0 < A< 1, is invariant under 7. This
shows that

diam B((01), ,(01)) >2v5—4>0.

On the other hand geometric considerations strongly suggest the
validity of the Shrinking Lemma. The purpose of this note is to give
an arithmetic proof of this important fact. We introduce the matrices

1 0 0 1 1 0
Me)=|1 1 0], Mo)={1 0 0
111 11 1

1 0 0 1 1 0

M2)=[1 1 1|, M)=|1 1 1

1 1 0 1 0 0

111 111

MOI2)=|1 0o o], MO)={1 1 0

1 0 0 0
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If
aso bsO Cs0
M(Trl) . M(ﬂ-s) =1 4as1 by Csl
ap byp cp
and

Asi=ag +ag +ap, Bsi=byo+by+by, Cii=co+cy+ C
then the map
VS:V("Tla‘ aﬂ's) 2—>2(7T1, 'aTrs); Vix =y

_as0x0 + byoxy + c0x2

Yo = Agxg + Bsxy + Coxp
= asixo + bgixy + cs1x2

Agxo + Byxy + Coxp
yy = asmxo + box| + coxy

Asxo + Bsx; + Coxp
maps the simplex X onto the cylinder X(m, 7).
We put A(my, ,7):=diam (7, 7). The following lemma

is straight-forward.
Lemma 1. Let x = (x0,x1,%2),y = (Yo, ¥1,¥2), 2 = (20,21, 22) be three
collinear points, 7 = Mx + py, say. Then

d(vsxa Vsz) - | | A‘v)’o + Bsyl + Csy2

d(Vsx, Vy) a Ay20 + Bz + Csza |
Lemma 2. Let Jo = V,(1,0 0) Jy = V,(0,1,0), J,=
Ml:V.Y(%aO)%)aMZZV(] 0) MO V(O’Z’Z) Z= V

212>
then we find the following ratios.

d(Jo,My) A, d(Jo,M\) G

d(Jo,J2) A+ C0 d(Jo,Jy)  As+ Cy

d(Jo,M;) B, dJi,My) A,

d(Ji,Jo) By+A;  d{Ui,Jo)  By+A,

d(J,,My) G d(J,,Mo) B,

d(Jr,J1)  Ci+B,” d(Jy,Jy) C;+ B,

d(Jo,Z) _ By+C, d(Mo,Z) A,
d(Jo,Mo) A;+Bs+C,” d(Jo,Mp) As+ B+ Cy
d(Ji,Z)  Cs+A, dM,,Z) B,
d(J;,M,) A;+B,+C," d(J;,M\) A+ B+ C,

v,(0,0, 1),

(3:5:3)
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d(JZaZ) _ As + B;s d(M27Z) _ Cs
d(JZaMZ) B As + Bs + Cs ’ d(JZa MZ) Ax + B.Y + CS

Lemma 3. If 7., = (02) or (012) then

A(71'1’- >7rs:7rs+1) S%A(Wla ,775)-

Proof: Observe that M,, Z, Jy are the vertices of X(m, T, (012))
and Jo,Z,M, are the vertices of X(m,. 7, (02)). Since for all
s > 1 the inequalities

Cs < By < A

are valid we see that

Cs B; B, C; B;+ Cs) <2
max ) ) ) ) = 4
AS + Cs As + Bs As+l Ax+l AS+1 3

Lemma 4. If . = (021) or (12) and m, € {(01),(012), (021),
(02)} then

A(’fl’],. a7rxa7rx+l) S%A(ﬂ'];- 771'3).

Proof: The vertices of X(m, ,m;, (021)) are J1,Z,M; and the
vertices X(my, ,my, (12)) are My, Z,J;. An inspection of the list of
ratios shows that the ratio

d(Ji,Mo) G <1

d(Ji,J2) Bi+Cs ™2

is not problematic. A more careful analysis is required for the other
ratios. We illustrate the method for 7, = (012), 754 = (021). Then

A; Ag 1+ B+ Gy < 2

A; +By 2A,,+B,_ 1 +2C,_; — 3
As+Ci  _ 2A, 1 +Bo +Coi 3
As+Bi+Cy  3A, 4+ B, +2C — 4

Lemma S. Let 7,y = (021) or (12).
Assume 7; € {e,(12)} for s—w+1<j<s but m,_,, € {(01),
(012), (021), (02)}. Then

A(ﬂ-la )7T.Y57TS+])) S %A(ﬂ-l)"'?ﬂ--“—“’)'
Proof: If m,_,, € {(01), (012), (021),(02)} then A,_,, < 2B;_,,.
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We note that the cylinder X(e,. ,e) ={x mj(x)=¢,1<j<w}

has the vertices (0, 0, 1), Oy = (0,747 ,52%), and

) 2w w
R = ((w+ Dw+2)" (w+ 1)(W+2)’W+2)

Then the cylinder X(e, ,¢,(12)) has the vertices Q,,, Q\4+1, and
Rw+l .
The cylinder ¥(e, ,¢,(021)) has the vertices Q,,, R,,+1, and

- ) 2 w(w +3)
S = ((w+ D(w+4) w+4"(w+ 1)(W+4)>.

We apply Lemma 1 to the map V,_,, ¥ — X(m,. 7).

Now assume 7,4 = (021) or (12). Let m,_, € {(012),(02),
(021),(01)} and m; € {e,(12)},s —w+ 1 <j < 5. We first consider
the case m; =¢,5s —w+1<j<s.

Let w = 1. Then the line through Q; = (0,%,3) and R, = (£,2,3)

1212 67676

meets x; = 0 in the point 7} = (%,O,%). Therefore

d(Q1,R,) _ Aoy + Gy < 1

d(Ql ) Tl) As—l + 2B3—] + 3Cs—l — 2
since A, | < 2B,_;. We also find

d(QhSl): A <1

d(Q1,J2) Ay +2Bs +2C ~ 2
and

d(S1,Ry) _ Co—1 < 1

d(S|,J2) As—l + 2Bs_1 + 3C.y—l g

The line through Q, = (0,1,%) and R, = (1,2,2) meets x, = 0 in the
point Y, = (3,1,0). Therefore, again

d(QZyRZ) _ 2AS—] + Bx—] < g

d(0y,Y)) 2A, 1 +4B,, +6C,_; — 3’

Clearly
d(QI 3 QZ) 1

d(Q\,J») 3
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Now consider w > 2. The line through Q,, = (O 1 W) and

Yw+l 0w+l
(o 2A0+D) il o .
Ry = ((w+2)(w+3)7(w+2)(w+3)’w+3> meets x, = 0(!) in the point
__ 2w w2 —w—2
T = (et sy 0). Then we find

d(Quan-H) < 2wA;-y + (WZ —w- Z)BS—W < 1

d(Qw,T,) ~ 2wA; , + (2w? +2w)Bs_,, — 2

Furthermore, the line through Q4 = <() L W+l) and

w42 2 w42

Ryyy = <(", e (ly‘,i(;)’wg) ,%) meets x, =0 in the point
Yw+l = ($’$,0> Then

d(Qw+l;Rw+l) < 2As w + WBT w < g

d(Qn/-i—la Yw+[) - ZAs—w + (2W + 2) S—w 3
Last but not least we find

d(Qw; Qw+l) _ 1 < l
d(Qw,J2) w+2 4
The estimate
d(Swa Rw+l) _ 2Csfl
d(Sw,J2)  2A, +2(w+ 1By + (w+ 1)(w+2)Cyy
2 1

Swr)wi3) "6

is unconditionally true. _ _
The line through Q, and R, meets x; =0 in the point

Y, = (L w=l 0) and we find as before

w1 2wl
d(Qu, Su) - d(Qw, Rw) SE
d(Qw, Yl\’) (QW’ W) 3

In the other case let m=¢e,s—w+1<j<t and w4 = (12),
t+1 <s. Since clearly

A(Trb a7rs+l) S A(ﬂ-l,' )7TI+1)
we are back to a situation already considered and we find
Almy, o mep1) <EA(mL, )

The only remaining case is 7; € {e, (12)} for all j > jo.
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Lemma 6. Let 7; € {e,(12)} for all j > 1. Then

1
A(Tf],. ,ﬂ'_;) <K %
Proof: Let Jo = (i%?,%>ﬂ%f),fl = (bBe—f,bBe—fr',bBe—f),andJZ = (CC—O,EC—',‘fc_Z>
be the three vertices of B(m,. ,m;). Note that byy = c¢;0 = O but this

fact does not help very much. To estimate the distances d(Jp,J,),
d(J1,J2), and d(J,,Jo) we need estimates for the determinants

. a;; by
A,BY =7 7|
A; By
. b ¢
B,Cll:=|" VI j=0,1,2.
’ BS CS
‘ o ay
[cAll=|7 7|
Cs A

Since the estimate is the same for j = 0, 1, 2 we may omit the index j.
Note that for 754 = € or (12)

As+l =A; + B; + C;
Bs+1 = Bs + Cs

but

Cop1 =Cs if myy =€
Cs+l == Bs if Ts+1 = (12)
Since A} =3,B, =2,C| =1, we get A; < (s + 1)B,.

Since |[B, C],,,| = |[B, C],| we find by induction that |[B, C],| < I.
This shows

B, Cl| _ 1 1
=< =<
B,C; T By T s+1
Put 6(s) = max(”::;g‘]\;“l , ”f'é”) Then

|[A7B]s+ll < |[A’B]x| + ”C’A]v’
As—)—lBs+l o As+l (Br + Cr)

A 1
<O(s)— <) 2
A+ B + Cs s+ 2
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Now assume that 7, | = (12). Then

€Al | _ 114, B],| +1(B, CLJ|
Ast1Coy — Ag11Bs

[A,Bl] A |[B, C].;l)
AB; A +B CsB;

o(s s+1
s—|—2 S+1
If 7541 = € then we find

I[C’A]s+l| < I[C’A]r’ + |[B7 C]s‘ '
A.\'+1Cs+l - As+lcs

If 7y = ¢ we expand further and find

(€ ALl __IiC, Al [ +2I[B,C,|
As+lC5+l - (As-l + ZBs—l + 3Cs—1)Cs—l

IC,A]_,|  2|[B,C],_, )
<
- max( Ascsfl ’Bs—lC:—l +2C3_|

K 2
< max((?(s — l)m,m>

s 2
< max 0(.3‘— I)H—l’s_—l——_z .

If 7y = (12) we obtain

< max

HC’ALHI < l[A)B]s—ll+2|[Ba C]s—ll
As+1C.s'+l o (A.r—l + 3Bs—l + 2Cs—])Bsfl
< (] 218. )

AsBs—l ’ 233_1 + Bs——l Cx—l

s 2
< max e(s_l)s-i-l’H—_Z .

Hence 6(s + 1) < max(@(s - 1) ,Q(S)i%,;%). It is easy to see

that 4(s) < \/H—] satisfies these recursive conditions.

Remark: In fact one can show that

E={xeX mx)=cor(12) forallj> 1} ={x€X xo =0}
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This follows from the fact that 0 < xp < % implies

(VW = (VO = 15 S -
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